Abstract. We study the family of smooth rational curves of degree e on a hypersurface of degree d in P n . When e ¼ 1, the smoothness, the dimension and the connectedness of the family have been investigated by W. Barth and A. Van de Ven over the complex number field, and by J. Kollár over an algebraically closed field of arbitrary characteristic. On the other hand, J. Harris, M. Roth, and J. Starr have recently studied irreducibility, smoothness and the dimension of the family over the complex number field. In this paper, we investigate the family in detail, mainly in the case of 1 e e e 3 and d f 1, and in the case of e f 4 and d f 2e À 3, without the assumption on the characteristic of the ground field.
Introduction
For a hypersurface X H P n of degree d, we define R e ðX Þ to be the open subscheme of the Hilbert scheme Hilb etþ1 ðX =kÞ which parametrizes smooth rational curves of degree e in P n lying in X , where k is an algebraically closed field of arbitrary characteristic. We set
which is called the expected dimension of R e ðX Þ. It is known that if X is smooth and if there exists C A R e ðX Þ, then the dimension of R e ðX Þ at C is greater than or equal to m ¼ wðN C=X Þ (see Remark 3.2 or [13] , II, Theorem 1.2).
The starting point of our study is the following result for lines on hypersurfaces obtained by W. Barth (c) R 1 ðX Þ is connected for any X if m f 1, except when X H P 3 is a smooth quadric.
What can we say about the family R e ðX Þ for the degree e f 2? The following result has been obtained by J. Harris, M. Roth, and J. Starr.
Theorem B (J. Harris, M. Roth, and J. Starr ([9] , Theorem 1.1)). Assume that the ground field is C, d < ðn þ 1Þ=2, and n f 3. For general X and for any e f 1, the scheme R e ðX Þ is an integral, local complete intersection scheme of dimension m.
We shall study R e ðX Þ without the assumption on the characteristic of the ground field. Our main result is: Theorem 1.1. Let X H P n be as above with n f 3. Then the following holds:
(a) Assume d f maxfe À 2; 1g. Then R e ðX Þ ¼ j for general X if m < 0.
(b) Assume either 1 e e e 3 and d f 1, or e f 4 and d f 2e À 3. Then R e ðX Þ is smooth of dimension m for general X if m f 0.
(c) R 2 ðX Þ is connected for general X if m f 1, except when X H P 3 is a cubic.
In characteristic zero, one can obtain the result of Theorem 1.1(b) under a weaker assumption, which is a conclusion of §3 (Theorem 3.16). In the exceptional case of Theorem 1.1(c), we certainly find that R 2 ðX Þ is disconnected for any smooth cubic X H P 3 (Proposition 5.4). Non-existence of rational curves on general hypersurfaces has been studied by several authors [2] , [4] , [5] , [14] , [16] , [17] . Various properties of R e ðX Þ (e.g., rational connectedness, singularity, etc.), besides the ones stated in Theorem B, have been studied in [10] , [15] .
Regularity of a power of an ideal sheaf
For later use, we investigate the Castelnuovo-Mumford regularity of a power of the defining ideal sheaf of a curve in projective space, by applying an argument which is similar to the proof of [7] , Theorem 1.1.
Theorem 2.1. Let X H P r be a reduced irreducible non-degenerate curve of degree d, let I X H O P r be the ideal sheaf of X , and let a A N. Then I a X is aðd þ 2 À rÞ-regular in the sense of Castelnuovo-Mumford. Proposition 2.2. Let X H P r be a reduced curve, with normalizationX X , and let p :X X ! P r denote the natural map. Set M ¼ p Ã W 1 P r ð1Þ, and suppose that A is a line bundle onX X such that H 1 ðX X ; V 2 M n AÞ ¼ 0:
Then I a X is a Á h 0 ðX X ; AÞ-regular.
Proof. As in the proof of [7] , Proposition 1.2, we have an exact sequence of sheaves on P r , H 0 ðX X ; M n AÞ n k O P r ðÀ1Þ ! u H 0 ðX X ; AÞ n k O P r ! p Ã A ! 0: ð½7; ð1:3ÞÞ As in [7] , p. 496, we set n 0 ¼ h 0 ðX X ; AÞ and set J to be the zeroth Fitting ideal sheaf of p Ã A, i.e., J ¼ imð V n 0 uÞ H O P r . Here, since p Ã A is supported on X , and since X is reduced, we have J H I X :
Moreover I X =J is supported in finitely many points of P r ; hence so is I a X =J a . Therefore we find that the sheaf I a X is an 0 -regular if the sheaf J a is so.
On the other hand, the above sequence ( [7] , (1.3)) induces the following exact sequence of sheaves on P r , H 0 ðX X ; M n AÞ la n k O P r ðÀ1Þ À! u la H 0 ðX X ; AÞ la n k O P r À! p Ã A la À! 0:
Then we have J a ¼ imð V an 0 u la Þ H O P r ; hence the sheaf J a is the zeroth Fitting ideal sheaf of p Ã A la . Now we have the Eagon-Northcott complex constructed from u la ,
where e :¼ V an 0 u la is surjective. Since this complex is exact o¤ X , it follows from [7] , Lemma 1.6 , that H i À P r ; J a ðan 0 À mÞ Á ¼ 0 for 1 e m e r and i f m. r
Proof of Theorem 2.1. The theorem follows from Proposition 2.2 and [7] , Lemma 1.7. r
Projection of the incidence variety to the space of hypersurfaces
Let R be an open subset of Hilb etþ1 ðP n =kÞ whose general member corresponds to a smooth rational curve of degree e. Let H :¼ jO P n ðdÞj, the space of hypersurfaces of degree d. We actually assume one of the following conditions (i)-(ii): ðiÞ e f 2; d f maxfe À 2; 1g; and R H Hilb etþ1 ðP n =kÞ is the space of smooth rational curves of degree e in P n ;
ðiiÞ e ¼ 2; d f 1; and R ¼ Hilb 2tþ1 ðP n =kÞ;
< : ð2Þ
and study the incidence variety I ¼ fðX ; CÞ A H Â R j C H X g ð3Þ with the projection p H : I ! H. Note that we additionally deal with the case where R is the whole space Hilb 2tþ1 ðP n =kÞ as (2)(ii) above, because that is necessary in the proof of Theorem 1.1(c) ( §5).
In this section, we first give an explicit construction of the incidence variety I , which is obtained as a projective bundle over R by assuming one of the conditions (i)-(ii) of (2) . Then Theorem 1.1(a) is proved by the calculation of the relative dimension of p H . Next, as a preparation of the proof of Theorem 1.1(b)-(c), we study properties of the projection p H in terms of the normal sheaves N C=P n and N X =P n .
In order to prove Theorem 1.1(b), we need to establish the generic smoothness of the projection p H in arbitrary characteristic ( §4). However, just in the characteristic zero case, the statement of Theorem 1.1(b) can be obtained by showing that p H ðI Þ is dense in H ( §3.3).
3.1. Basic construction. Since R is an open subscheme of Hilb etþ1 ðP n =kÞ, there exist the universal family u : Univ ! R and the projection F : Univ ! P n . Then we have the following morphism of sheaves on R:
To construct the incidence variety, we show the following lemma. Here, we denote by
A ; O A Þ the normal sheaf of a subscheme A in a scheme B, where
Þ Á the covariant projectivization of a k-linear space or a locally free sheaf E, where the points of P Ã E correspond to lines in fibers of E.
Lemma 3.1. Let n f 3, and assume one of the conditions (i)-(ii) of (2). Then the following holds:
(a) The scheme R is a smooth irreducible subvariety of
is surjective for any C A R.
(c) We have that kerðFÞ n k C is isomorphic to H 0 À P n ; I C ðdÞ Á for any C A R, where k C is the residue field of the Hilbert point C on R. Hence, ker F is a locally free sheaf on R of rank h 0 À P n ; OðdÞ Á À ðde þ 1Þ.
Thus the projective bundle I :¼ P Ã ðker FÞ over R is a smooth irreducible variety with dim I ¼ dim H þ m, where we set H ¼ jO P n ðdÞj and m ¼ ðn þ 1 À dÞe þ n À 4 as in §1, (1).
Remark 3.2. We have m ¼ wðN C=X Þ, in the case where X H P n is a hypersurface of degree d, and C H X is a smooth rational curve of degree e, such that X is smooth along C. The reason is the following: Let f :
Thus, from the exact sequence 0
By applying [13] , I, Theorem 2.8 and Proposition 2.14, we find that the scheme R e ðX Þ is of dimension f wðN C=X Þ ¼ m at C. Remark 3.3. Let C H P n be a smooth rational curve of degree e f 2, let L H P n be the linear subspace spanned by C, and let r ¼ dimðLÞ. Here we have the following information about the dimension of L and regularity of C.
(a) We have r e e. In addition we have r f 3 in the case e f 3, because every plane rational curve of degree f 3 must be singular.
(b) We have r ¼ e in the case e e 3, as follows: If e ¼ 2, then C is a conic; hence we have r ¼ 2. If e ¼ 3, then it follows from (a) that we have r ¼ 3.
(c) We have maxfðe À 2Þ; 1g f e þ 1 À r. This is because it follows from (b) that we have r ¼ e if e e 3, and it follows from (a) that we have r f 3 if e f 4.
(d) The ideal sheaf I C=L of C in L is ðe þ 2 À rÞ-regular, and hence
The reason is as follows: Since C is non-degenerate in L, it follows from [7] , Theorem 1.1, that I C=L is ðe þ 2 À rÞ-regular. By regularity, we have H
Remark 3.4. Each element C A Hilb 2tþ1 ðP n =kÞ is given by a complete intersection of a linear plane L H P n and a quadric hypersurface of P n , which is a smooth conic, a union of two lines intersecting in one point, or a double line. Here we have an exact sequence
In addition, we have N C=L F O C ð2Þ and
On the other hand, we have a morphism p : Hilb 2tþ1 ðP n =kÞ ! Gð2; P n Þ by sending each C to the linear plane L spanned by C, where each fiber p À1 ðLÞ at L A Gð2; P n Þ is isomorphic to Hilb 2tþ1 ðL=kÞ F jO L ð2Þj. Indeed, Hilb 2tþ1 ðP n =kÞ is obtained as the projective bundle P Ã À S 2 ðUÞ Á on Gð2; P n Þ, where U is the universal bundle on Gð2; P n Þ of rank 3.
Proof of Lemma 3.1. (a) Assume the condition (2)(i). Then R is the space of smooth rational curves of degree e in P n . Let C A R and let f : P 1 ! P n be a morphism parametrizing C. Since T P n is ample, so is f Ã N C=P n on P 1 . Hence h 1 ðN C=P n Þ ¼ 0. Thus it follows from [13] , I, Theorem 2.8 and Proposition 2.14, that R is smooth of dimension
Next, for any elements C 1 ; C 2 A R, we give an irreducible curve in Hilb etþ1 ðP n =kÞ connecting C 1 and C 2 , as follows: We have morphisms f i ¼ ð f i; j Þ n j¼0 : P 1 ! P n parametrizing C i with i ¼ 1; 2. Here we set L H P 1 Â P n to be the closure of the image of P 1 Â P 1 under the rational map,
Then the first projection L ! P 1 gives a flat family whose fibers at ð1:0Þ; ð0:1Þ A P 1 are isomorphic to C 1 ; C 2 H P n . Thus we have a morphism P 1 ! Hilb etþ1 ðP n =kÞ whose image contains the elements C 1 and C 2 . This implies that R is irreducible, since we already showed that R is smooth.
Assume the condition (2)(ii). Then R ¼ Hilb 2tþ1 ðP n =kÞ, which is a projective bundle on Gð2; P n Þ whose fibers are of dimension 5, as we saw in Remark 3.4. Thus R is a smooth irreducible variety of dimension dim
(b) Assume the condition (2)(i). Let C A R and let f :
Assume the condition (2)(ii). Let C A R, and let L H P n be the linear plane spanned by C. From the exact sequence (4) in Remark 3.4, we have h
For any C A R, since kerðFÞ n k C is isomorphic to the kernel of the morphism
we have kerðFÞ
Note that, from (a) and (c), it follows that dim I ¼ dim R þ rkðker FÞ À 1 is equal to dim H þ m. In addition, since R is smooth and irreducible, so is I . r Definition 3.5. Assume one of the conditions (i)-(ii) of (2). Then we define the incidence variety I as the projective bundle P Ã ðker FÞ over R, as in Lemma 3.1. Since ker F is a subbundle of H 
R:
For each C A R, we set I C to be the fiber p À1 R ðCÞ, which is isomorphic to the set of hypersurfaces X A H containing C, via the projection p H . This is because kerðFÞ n k C is isomorphic to H 0 À P n ; I C ðdÞ Á due to Lemma 3.1(c). Therefore the variety I is described as the formula (3).
Under the condition (2)(i), since R is the space of smooth rational curves of degree e in P n , and since the formula (3) holds, the fiber p
À1
H ðX Þ is isomorphic to R e ðX Þ for each hypersurface X A H. Similarly, under the condition (2)(ii), since R ¼ Hilb 2tþ1 ðP n =kÞ, the fiber p À1 H ðX Þ is isomorphic to Hilb 2tþ1 ðX =kÞ.
Here we prove the emptiness of R e ðX Þ for m < 0, stated in Theorem 1.1(a).
Proof of Theorem 1.1(a). The case e ¼ 1 is nothing but Theorem A(a). Thus we consider the case (2)(i) with m < 0. From Lemma 3.1, we have dim
H ðX Þ ¼ j for all X A Hn p H ðI Þ, the statement follows. r Remark 3.6. Under the condition (2)(i), the incidence variety I is smooth as in Lemma 3.1. In characteristic zero, applying the generic smoothness theorem to the morphism p H : I ! p H ðI Þ, we find that the scheme R e ðX Þ F p
From now on, we investigate the projection p H in more detail. 
Proof. We have a morphism d ðX ; CÞ p R : T ðX ; CÞ I ! T C R, which is surjective since I is a projective bundle over R. Here T C R, the Zariski tangent space of the Hilbert scheme, is isomorphic to
On the other hand, we have an exact sequence
It follows from Lemma 3.
For the sheaf W 
F which implies the equivalence between (a) and (b). r Definition 3.8. For a local complete intersection curve C H P n , we define
as the k-linear map induced from the surjective morphism
C of sheaves on P n , where we note that the normal sheaf N C=P n is defined as Hom O C ðI C =I 2 C ; O C Þ and is locally free on C.
Under the identification of H
gives a morphism of sheaves on C,
Remark 3.9. Let X H P n be the hypersurface defined by h. Then the morphism d C ðhÞ factors through the natural morphism N C=P n ! N X =P n j C of normal bundles. The reason is as follows: Multiplication with h yields an isomorphism O P n ðÀdÞ ! I X on P n . Restricting this to X , we have an isomorphism of sheaves on X ,
On the other hand, the inclusion I X ,! I C induces the following morphism,
factors into the restriction of (7) to C, followed by the morphism (8): 
We additionally have the following lemma:
Lemma 3.11. Let C H P n be a local complete intersection curve, and let X A H be a hypersurface containing C and defined by h A H 0 À P n ; OðdÞ Á . Then X is singular at a point P A C if the k-linear map d C ðhÞðPÞ : N C=P n n kðPÞ ! O C ðdÞ n kðPÞ is identically zero.
Proof. The assumption implies that h is equal to zero as an element of N 4 C=P n n O C ðdÞ n kðPÞ. By taking an element h 0 A H 0 À P n ; OðdÞ Á with h 0 ðPÞ 3 0, we have that h=h 0 is equal to zero in N 4 C=P n n kðPÞ. For the maximal ideal m P H O P n ; P , since I C; P H m P and since N 4 C=P n n kðPÞ F I C; P =I C; P Á m P , it follows that ðh=h 0 mod m 2 P Þ ¼ 0 in m P =m 2 P , which means that X is singular at P. r
In the following, we study the surjectivity of the
Then the surjectivity of d C is reduced to that of d C=L , as follows:
Lemma 3.12. Let C H P n be a local complete intersection curve, let L H P n be a linear subspace containing C, and let d f 1. Suppose that the restriction map H
From the exact sequence 0 ! N C=L ! N C=P n ! N L=P n j C ! 0 on C, we have the following commutative diagram of k-linear spaces with exact rows:
By assumption, the k-linear map d C=L of the third column is surjective. Thus, in order to prove that d C is surjective, it is su‰cient to show that e is surjective. By choosing coordinates ðz 0 ; . . . ; z n Þ on P n , we may assume that L is the zero set of polynomials z rþ1 ; . . . ; z n , where we set r :
Á . By assumption, there exist sections
We set
Proposition 3.13. Suppose that C H P n is a smooth rational curve of degree e f 2. Then d C is surjective if d f 2ðe À rÞ þ 3, where the integer r with r e e is the dimension of the linear subspace of P n spanned by C.
Proof. Let L H P n be the r-dimensional linear subspace spanned by C. Then, since
In addition, Theorem 2.1 implies that the second power
Bounds of the splitting type of the normal bundle of a rational curve. Let C H P n be a rational curve of degree e f 2 parametrized by a morphism, f : P 1 ! P n : ðs; tÞ 7 ! À f 0 ðs; tÞ; f 1 ðs; tÞ; . . . ; f n ðs; tÞ Á : ð9Þ
It is known that every vector bundle on P 1 is isomorphic to a direct sum of line bundles on P 1 . We study such a splitting type of the pullback f Ã N C=P n on P 1 .
For a smooth variety Y and for an invertible sheaf L on Y , we denote by P 1 Y ðLÞ the bundle of principal parts of L of first order, which gives an exact sequence
and the sequence ðx P n ; O P n ð1Þ Þ gives the Euler sequence.
As in [12] , for the morphism f :
ÁÁ . Then the following commutative diagram with exact rows is induced functorially:
where we denote by a 1 f the morphism of the second column. In the case where f is unramified, since f Ã ðW
1 is surjective and its kernel is isomorphic to f Ã N 4 C=P n , the above diagram ( [12] , (1.1)) induces the following exact sequence of sheaves on P 1 :
Proposition 3.14. Let C H P n be a non-degenerate smooth rational curve of degree e f 2, let f parametrize C as in (9), and let
Oða i Þ be the splitting on P 1 with a i A Z. Then we have inequality e þ 2 e a i e 3e À 2n þ 2 for each 1 e i e n À 1.
Proof. Let ðz 0 ; z 1 ; . . . ; z n Þ be homogeneous coordinates on P n , and let p f 0 be the characteristic of the ground field k. From [12] , Lemma (1.2), we have the following description of the bundle P 1 ,
( Here, note that the description of a 1 f ðz i Þ depends on the choice of an isomorphism from P 1 to its direct sum decomposition, and note that equality t À1 qf i =qs ¼ Às À1 qf i =qt holds in the case p j e ( [12] , Remark 1.4).
From the exact sequence (10), it follows
which implies e À a i À 1 e À1 for each i; hence minfa i g i f e.
Suppose minfa i g i ¼ e. Then there exists a nonzero element
In the case p F e, we have
From Euler's formula, we get P n i¼0 a i f i ¼ 0, which contradicts that C is non-degenerate. In the case p j e, we straightforwardly have
Then there exists a nonzero element
Here, since x is nonzero, at least one of the elements fa i ; b i g n i¼0 must be nonzero. Without loss of generality, we can assume a 0 3 0. In the case p F e, it follows that
Since a 0 3 0, it follows that C is degenerate, a contradiction. In the case p j e, it follows that
Thus we have a contradiction again.
In consequence, we get the inequality minfa i g i f e þ 2. Thus, putting
Projection dominating the space of hypersurfaces.
Proposition 3.15. Assume the condition (2)(i) with n f 3, and assume either e e n and d f 3, or e > n and d f 2ðe À nÞ þ 3. If m f 0, then the projection p H is dominant on H, and is smooth at a general point of I .
Proof. We can take a smooth rational curve C H P n of degree e such that the linear subspace L of P n spanned by C is of dimension r :¼ minfe; ng. The reason is as follows: Suppose e e n. Then we set C H P e H P n to be a rational normal curve of degree e (i.e., the rational curve defined by the morphism P 1 ! P e : ðs; tÞ 7 ! ðs e ; . . . ; s eÀi t i ; . . . ; t e Þ). Suppose e > n. Then we first take C 0 H P e to be a rational normal curve of degree e. Since n f 3 and since the secant variety of C is of dimension e 3, there exists a linear projection p : P e d P n which gives an isomorphism from C 0 to its image. Then we set C ¼ pðC 0 Þ H P n , which is a non-degenerate smooth rational curve of degree e.
Now, we give a morphism a : N C=P n ! O C ðdÞ such that H 0 ðaÞ is surjective, as follows. Let f : P 1 ! P n be a morphism parametrizing C. Since
we have an isomorphism
Oða i Þ l OðeÞ lnÀr on P 1 with a i A Z. From Proposition 3.14, it follows e þ 2 e a i e 3e À 2r þ 2 for each 1 e i e r À 1; hence we particularly have a i e de. We set a i ¼ e for r e i e n À 1, and set
ða j þ 1Þ for 1 e i e n À 1.
Let ðs; tÞ be homogeneous coordinates on P 1 . We set
For each 1 e i e i 0 , the k-linear subspace
OðdeÞ Á is spanned by the following a i þ 1 monomials:
we regard a as a morphism N C=P n ! O C ðdÞ, which induces the following k-linear map,
Here all monomials of H 0 À P 1 ; OðdeÞ Á are given by the monomials of (11) Theorem 3.16. Let the characteristic be equal to zero, and assume n f 3, e f 2, and d f maxfe À 2; 2ðe À nÞ þ 3; 3g. Then R e ðX Þ is smooth and of dimension m, for a general hypersurface X H P n of degree d with m f 0. Proof. Let R H Hilb etþ1 ðP n =kÞ be the space of smooth rational curves of degree e in P n . Since the condition (2)(i) holds, Proposition 3.15 implies that p H ðI Þ H H is dense. Thus, by the argument of Remark 3.6, the result follows. r
Generic smoothness of the projection
Recall that m ¼ ðn þ 1 À dÞe þ n À 4, the expected dimension defined as in §1, (1) . To establish the generic smoothness of the projection p H : I ! H in the case m f 0 in arbitrary characteristic, we consider the non-smooth locus Z of the projection p H as follows.
Definition 4.1. We define Z to be the set of ðX ; CÞ A I such that the projection p H is not smooth at ðX ; CÞ, i.e, the k-linear map d ðX ; CÞ p H : T ðX ; CÞ I ! T X H is not surjective. In addition, we define I 0 to be the set of ðX ; CÞ A I such that the hypersurface X is smooth along C.
In this section, we set R to be the space of smooth rational curves of degree e, as in the condition (2)(i). In §4.1, we will show that the subset Z 0 :¼ Z X I 0 is su‰ciently small: Then we have codimðZ 0 ; I Þ f m þ 1.
Here, note that I 0 is a dense subset in I (see Corollary 4.5), and note that we consider the subset Z 0 instead of Z because we need to shrink Z in the process of proving that the codimension is ''f m þ 1'' (Lemma 4.13).
The statement of Proposition 4.2 above does not cover the case e e 3 and d e 3. For this case, the following will be shown in §4.2: Proposition 4.3. Let X H P n be a hypersurface of degree d ¼ 2 or 3, and assume one of the following:
(i) X is a quadric hypersurface, and C is a smooth rational curve of degree e ¼ 2 or 3 such that X is smooth along C.
(ii) X is a cubic hypersurface, and C is a smooth rational curve of degree e ¼ 2 or 3 such that X is smooth along C and that the linear subspace of P n spanned by C is not contained in X .
(iii) X is a general cubic hypersurface, and C is a smooth rational curve of degree e ¼ 2 or 3 such that X is smooth along C.
Then we have H 1 ðN C=X Þ ¼ 0.
At the end of the section, the generic smoothness of p H and Theorem 1.1(b) will be proved by Propositions 4.2 and 4.3.
4.1. Codimension of the non-smooth locus of the projection. For C A R, we set I C :¼ p À1 R ðCÞ as in Definition 3.5. Then the subset I C nI 0 is isomorphic to the set of hypersurfaces X A H containing C and being singular at some point of C, via the projection p H . Here, under a general setting, we have: Proposition 4.4. Let C H P n be a smooth curve, let d f 2 satisfy that I C ðdÞ is generated by its global sections, and denote by H C the set of hypersurfaces X H P n of degree d containing C. Then the set of X A H C being singular at some point of C is of codimension f n À 2 in H C .
Proof. We denote by S P C :¼ fX A H C j X is singular at Pg for a point P A C. Then the set of X A H C being singular at some point of C is given by the union of S P C with P A C. Thus it su‰ces to show that codimðS
As in the proof of Bertini's theorem [11] , II, Theorem 8.18, we have a k-linear map
where m P H O P n ; P is the maximal ideal, and h 0 is a polynomial of degree d satisfying h 0 ðPÞ 3 0. Here, for a hypersurface X H P n containing P, and for a defining polynomial h of X , it follows that f P ðhÞ ¼ 0 in m P =m 2 P if and only if X is singular at P. In particular, we have
By assumption, the O P n -module I C; P is generated by global sections
Hence the k-linear space I C; P =I C; P X m 2 P is generated by the elements
which implies that
Thus the dimension of the k-linear space I C; P =I C; P X m 2 P and the codimension of the k-linear space kerðf P Þ X H 0 À P n ; I C ðdÞ Á in H 0 À P n ; I C ðdÞ Á are the same, and are equal to codimðS P C ; H C Þ due to the equivalence (12).
We consider the following exact sequence:
where m P is the maximal ideal of O C; P . Since P is a smooth point of P n , we have dim k m P =m 2 P ¼ n. Since P is a smooth point of C, we have dim k m P =m 2 P ¼ 1. Hence dim k ðI C; P =I C; P X m 2 P Þ is equal to n À 1, and so is codimðS P C ; H C Þ. r Corollary 4.5. Assume the condition (2)(i) and assume d f maxfðe À 1Þ; 2g. Then we have codimðI nI 0 ; I Þ f n À 2. In particular, the subset I 0 H I is dense if n f 3.
Proof. For any C A R, since I C=L is À maxfðe À 1Þ; 2g Á -regular as in Remark 3.3(c)-(d), it follows that I C=L ðdÞ is generated by its global sections, and hence so is I C ðdÞ. Thus Proposition 4.4 implies that codimðI C nI 0 ; I C Þ f n À 2. Since C is arbitrary, we obtain codimðI nI 0 ; I Þ f n À 2. r
Next, we fix a smooth rational curve C H P n of degree e. Let d C ðhÞ : N C=P n ! O C ðdÞ be the morphism defined in Definition 3.8. 
By the above argument, the following lemma holds: Let Z C :¼ Z X I C , which is isomorphic to the set of hypersurfaces X A H containing C such that p H is not smooth at ðX ; CÞ.
is surjective (as in the conclusion of Proposition 3.13), then Lemma 4.6 implies that the codimension of Z C in I C is equal to the codimension of the union 
In order to study these codimensions, we investigate s c and its kernel.
We take a morphism f : P 1 ! P n which parametrizes the smooth rational curve C of degree e. Then we have a splitting
where s a i c is defined as follows.
Definition 4.7. Let e f 0 be an integer, and let c : H 0 À P 1 ; OðeÞ Á ! k be a linear functional. For an integer a with 0 e a e e, we denote by s a c the composite k-linear map
where the first transformation is the adjoint of the usual multiplication. where we remark that the definition of this locus does not depend on the integer a and the choice of coordinates on P 1 .
(b) Let r be an integer with r e minfa; e À ag. Then G c is represented by a ða i þ 1Þ Â ðde À a i þ 1Þ catalecticant matrix. We consider the case where 2 maxfa i g i e de, that is to say, a i þ 1 e de À a i þ 1 for all i.
and U r :¼ G r nG rÀ1 for each integer 1 e r e maxfa i g i þ 1.
ÁÁ as a‰ne space. Then we set
which is a closed a‰ne subvariety of A for a subset S H G.
In this notation, the union of kernels given in (13) is expressed as the variety KðGÞ, and is equal to the union of KðU r Þ with 1 e r e maxfa i g i þ 1. For a linear functional c : H 0 À P 1 ; OðeÞ Á ! k, we have the following equality:
c for each i.
Lemma 4.11. Let C be a smooth rational curve of degree e, and assume 2 maxfa i g i e de. For integers 1 e r e maxfa i g i þ 1 and 1 e i e n À 1, the following holds: 
and r e maxfa i g i .
Proof. (a) Let c A U maxfa i g i þ1 . For each 1 e i e n À 1, it follows from Lemma 4.11(b) that rk s
Since r e maxfa i g i , it follows from Lemma 4.9(b) that
Thus we have c 1 ; . . . ; c r A G 1 and r 1 ; . . . ; r r A k such that c ¼ r 1 c 1 þ Á Á Á þ r r c r . Since r e minfa i g i þ 1, it follows from Lemma 4.11(b) that rk s Lemma 4.13. Let n f 3 and assume the condition (2)(i). Let C H P n be a smooth rational curve of degree e f 2 parametrized by a morphism f : P 1 ! P n , and assume d f maxf2ðe À rÞ þ 3; 4g, where r is the dimension of the linear subspace spanned by C. Then the following holds:
As a result, we have codimðZ
lnÀr be the splitting on P 1 . From Proposition 3.14, we obtain the following inequality: (16) is equal to e þ 2, that is to say, a i ¼ e þ 2 for 1 e i e r À 1. Hence, by the assumption d f 4, we have 2 maxfa i g i e de.
Suppose e f 4. Then, by the assumption d f 2ðe À rÞ þ 3, the right-hand side of inequality (16) 
From Lemma 4.12(a), we have already seen codim À KðU maxfa i g i þ1 Þ; A Á f m þ 1. Thus it is su‰cient to show the integer n :¼ min
is greater than or equal to m þ 1. Now, for each integer r with minfa i g i þ 2 e r e maxfa i g i , we will calculate the codimension of KðU r Þ in A. Here we set a to be the smallest integer a i with 1 e i e r À 1. Since inequality (16) (17) is greater than or equal to
From the assumption d f 2ðe À rÞ þ 3, by calculating (18), we have
Assume r ¼ e þ 2. Then we have minfa þ 1; rg f e þ 2. By using this inequality and by substituting r ¼ e þ 2, we can see that the right-hand side of inequality (17) is greater than or equal to
Thus, from the assumption d f 2ðe À rÞ þ 3, by calculating (20), we have
Here if equality e ¼ r holds, then by applying this equality to (20), we have
Next, let us show n f m þ 1 by calculating n À ðm þ 1Þ, where we recall that m ¼ ðn þ 1 À dÞe þ n À 4. Suppose e ¼ 2. Then we have
Hence inequality (22) implies that n À ðm þ 1Þ f 2d À 8.
Suppose e f 3. Then inequality (19) implies that
In addition, for the case r ¼ e þ 2, the inequality (21) implies that
Thus n À ðm þ 1Þ f minfðe À 3Þðd À 2Þ; ðe À 1=2Þðd À 3Þ À 2g.
In consequence, for e f 2 and d f 4, it follows that the integer n is greater than or equal to m þ 1, hence so is codim À KðGÞnKðG 1 Þ; A Á . Therefore the assertion (c) follows.
Here Proposition 3.13 implies that the k-linear map d C is surjective. Since we can regard d C : H 0 À P n ; I C ðdÞ Á ! A as a smooth morphism of a‰ne spaces, it follows from (b) that we have the following inequality:
From (c), we have codimðZ 2. Quadric and cubic hypersurfaces. Let X H P n be a hypersurface, and let ðP n Þ 4 ¼ Gðn À 1; P n Þ be the space of hyperplanes in P n . We consider the Gauss map
which sends each smooth point P A X to the embedded tangent space of X at P in P n .
Let ðz 0 ; z 1 ; . . . ; z n Þ be homogeneous coordinates on P n , and let h be the defining equation of X . We denote by ðz 
Since the embedded tangent space of X at P is defined as the zero set of
with 0 e i e n. To prove Proposition 4.3, we show the following two lemmas.
Lemma 4.14. Let X be a cubic hypersurface, and let C H X be a smooth rational curve of degree e ¼ 2 or 3. Let L H P n be the linear subspace spanned by C, and let
Suppose that X is smooth along C, and suppose g X ðCÞ H L Ã . Then we have L H X .
Proof. By changing coordinates on P n , we may assume that L is the zero set of z eþ1 ; . . . ; z n A H 0 À P n ; Oð1Þ Á , and assume that the rational curve C H P n of degree e ¼ 2 or 3 is parametrized by a morphism f : P 1 ! P n : ðs; tÞ 7 ! ðs e ; s eÀ1 t; . . . ; t e ; 0; . . . ; 0Þ:
We denote by
Here we find ðf 2 g Ã X Þðz 4 i Þ ¼ 0 for 0 e i e e, as follows:
. In particular, L is isomorphic to the space of hyperplanes of ðP n Þ 4 containing L Ã . This means that Since
Assume e ¼ 3. Then we can write
with g i A k½z 0 ; z 1 ; z 2 ; z 3 1 and h i A H 0 À P n ; Oð2Þ Á . From the equality (23) again, it follows 
Lemma 4.15. Let X H P n be a hypersurface of degree d, and let C H X be a smooth rational curve of degree e such that X is smooth along C. Assume one of the following conditions: (i) ðe; dÞ ¼ ð2; 2Þ; ð3; 2Þ and n f 3; or (ii) ðe; d; nÞ ¼ ð2; 3; 3Þ; ð3; 3; 3Þ; ð3; 3; 4Þ. Then we have H 1 ðN C=X Þ ¼ 0.
. We consider the following exact sequence on P 1 :
Oðb i Þ be the splitting on P n with b 1 e Á Á Á e b nÀ2 , and let b :¼ P Here we have b ¼ ðn þ 1 À dÞe À 2, and have b nÀ2 e e þ 2 since t is injective. To prove
Hence in the case (ii), and in the case ðe; dÞ ¼ ð2; 2Þ; ð3; 2Þ with n ¼ 3; 4, the assertion follows.
We consider the case (i) with n f 5. If an integer i 0 with 1 e i 0 e n À 2 satisfies b i 0 f e þ 1, then since the morphism t in (25) is injective, so is
and then the following inequality must hold:
Suppose ðe; dÞ ¼ ð2; 2Þ. Then b nÀ2 e 4. If b nÀ3 f 3, then b nÀ3 þ b nÀ2 þ 2 f 8, which contradicts the inequality (26). Hence we have b nÀ3 e 2, which implies
Suppose ðe; dÞ ¼ ð3; 2Þ. Then b nÀ3 e b nÀ2 e 5. If b nÀ4 f 4, then
which contradicts the inequality (26). Hence we have b nÀ4 e 3, which implies (ii) Suppose that the linear subspace L spanned by C is not contained in X . We show H 1 ðN C=X Þ ¼ 0 by using the induction on n. 
. Then the hypersurface M X X in M F P nÀ1 is smooth along C. By induction hypothesis, it follows
(iii) Suppose that the hypersurface X is general. Let C H X be a smooth rational curve of degree e ¼ 2 or 3, and let L H P n be the e-dimensional linear subspace spanned by C. Here we assume that L H X , since the case L S X was already seen in (ii).
Let us consider the following commutative diagram with exact rows: 
We show that the k-linear map v C is surjective, as follows: We denote by F e ðX Þ H Gðe; P n Þ the space of e-dimensional linear subspaces of P n lying in X . Then L A F e ðX Þ. Since X is general and since F e ðX Þ 3 j, it follows from [3] , §1 and Théorème (2.1), that the scheme F e ðX Þ is smooth and has the expected dimension; hence we have 
n be the linear subspace spanned by C, and let W C be the set of ðX ; CÞ A I C X I 0 such that X contains L. For any hypersurface X satisfying ðX ; CÞ A I 0 nW C , the condition (iii) of Proposition 4.3 holds; hence we have
we get the statement. r
Now we come to the proof of Theorem 1.1(b).
Proof of Theorem 1.1(b). The case e ¼ 1 is nothing but Theorem A(b). We assume e f 2. Let R H Hilb etþ1 ðP n =kÞ be the space of rational curves of degree e in P n with n f 3, and assume either e e 3 and d f 1, or e f 4 and d f 2e À 3. Then the condition (2)(i) is satisfied. We also assume d f 2, since the case d ¼ 1 (i.e., X F P nÀ1 ) follows immediately. Here it follows from Corollary 4.5 that I 0 H I is a dense subset. It follows from m f 0 that p H is smooth on the non-empty subset I 0 nZ 0 . In particular, the image p H ðI Þ is dense in H. Since we have dim I ¼ dim H þ m as in Lemma As in the condition (2)(ii) in §3, we set R ¼ Hilb 2tþ1 ðP n =kÞ, which is a proper smooth variety over k. In this section, we will prove that the projection p H : I ! H has connected fibers in the case m f 1, by showing codimðZ; I Þ f 2.
We denote by U H R the space of irreducible and reduced conics in P n , which was already studied as the case (2)(i) with e ¼ 2. Let B 1 :¼ fC A R j C is a union of two lines l 1 ; l 2 H P n with l 1 3 l 2 intersecting in one pointg; and let B 2 :¼ fC A R j redðCÞ H P n is a lineg. Then we have R ¼ U W B 1 W B 2 .
Lemma 5.1. We have codimðB 1 ; RÞ ¼ 1 and codimðB 2 ; RÞ ¼ 3.
Proof. As in Remark 3.4, we consider the morphism p : R ! Gð2; P n Þ which sends each C to the linear plane L H P n spanned by C. Then the fiber p À1 ðLÞ F Hilb 2tþ1 ðL=kÞ is of dimension 5 for any L A Gð2; P n Þ. Here p À1 ðLÞ X B 2 is isomorphic to L Since the codimension of p À1 ðLÞ X B 1 (resp. p À1 ðLÞ X B 2 ) in R is equal to 3 (resp. 1) for each L, the statement follows. r Proof. Let C ¼ l 1 W l 2 with lines l 1 ; l 2 H P n intersecting in one point, and let L H P n be the linear plane spanned by C. By choosing homogeneous coordinates ðs; t; u; z 3 ; . . . ; z n Þ on P n , we may assume L ¼ ðz 3 ¼ Á Á Á ¼ z n ¼ 0Þ in P n , and assume l 1 ¼ ðu ¼ 0Þ and 
